GEOMETRIC APPLICATIONS OF CRITICAL POINT THEORY TO SUBMANIFOLDS OF COMPLEX PROJECTIVE SPACE
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Section 0-Introduction.
In a recent paper, [6] In this paper, we prove results analogous to those of Nomizu and Rodriguez for submanifolds of complex projective space, P m (C), endowed with the standard Fubini-Study metric.
Let M n be a complex ^-dimensional submanifold of P n+p (C) . For peP n+p (C) , xeM n , the function L p (x) which we define is essentially the distance in P n+p (C) from p to x. In section 2, we define the concept of a focal point of (M n ,x). We then prove an Index Theorem for L p which states that the index of L p at a non-degenerate critical point x is equal to the number of focal points of (M n ,x) on the geodesic in P n+p (C) from
In the process, we find that if L p (x) = τr/2, then L p has a degenerate critical point at x. Because of this, it is impossible to state the following result in terms of Morse functions of the form L v .
Our main result is the following. Let M n in >2) be a connected, complete, complex ^-dimensional Kahlerian manifold which is holomorphically and isometrically immersed in P n+p (C) . Assume there exists a dense subset D of P n+p (C) such that every function of the form L p , peD, has index 0 or n at any of its non-degenerate critical points. Then M n is P n (C) or Q n (C). Here P n (C) denotes a totally geodesic submanifold of P n+p (C) , and Q n (C) is the standard complex quadric hypersurface of a totally geodesic P n+1 (C) c P n+p (C) . In section 3, we prove the above result for co-dimension p = 1 and in section 4, we extend the result to arbitrary co-dimensions. Section 5 is devoted to a detailed study of the interesting special case Q n (C) c P n+ι (C) . We find, among other things, that the set of focal points is P n+1 (R), a real (n + l)-dimensional protective space naturally embedded in P n+ί (C) .
The author would like to express his sincere gratitude to his adviser, Katsumi Nomizu, for his assistance in his work.
Section 1-Preliminaries.
We first recall the construction of the Fubini-Study metric on P m (C) (see [4] , vol. II, p. 273-78 and [7] , p. 514-515, for more detail). We consider P m (C) endowed with the Fubini-Study metric of constant holomorphic sectional curvature 4 (we choose 4 instead of 1 for the curvature to make calculations easier).
Consider at z, which we denote as T 2 (S 2m+1 ), is given by
If we define T' z by
then Γ^ is a subspace of Γ 2 (S 2m+1 ) whose orthogonal complement is {iz}, the 1-dimensional subspace spanned by the vector iz. The distribution T defines a connection in the principal fibre bundle S 2m+ KP m dO 9 S 1 ) 9 in that T z is complementary to the subspace {iz} tangent to the fibre through z 9 and T is invariant by the action of S\ Thus the projection 7Γ induces a linear isomorphism π* of T z onto T π(z) (P m (C)) 9 and TΓ* maps {^} into 0 for each z e S* m+1 . We define the Fubini-Study metric, g, of constant holomorphic sectional curvature 4 by the equation where IJe T 2? (P W (C)) and X',Ύ f are their respective horizontal lifts at z where π(z) = p. Since g is invariant by the action of S 1 , the definition is independent of the choice of z. The complex structure on T' z defined by multiplication by i induces the canonical complex structure, /, on P m (C) by means of the isomorphism TΓ*. Finally, π^ induces the Kahlerian connection, F, on P m (C) in the following way. Let X, Y be vector fields on P m (C), and let X', Y f be their respective horizontal lifts. Then for P the covariant derivative on S 2m+1 , the equation
defines the Kahlerian connection on P m (C).
Section 2-Focal points, the functions L p9 and the Index Theorem.
Let M n be a connected, complex ^-dimensional Kahlerian manifold, and let / be a holomorphic and isometric immersion of M n into P n+p (C) . Of course, γix,ζ,r) does not depend on the choice of w.
We define a map F:
We note that for any values of x,ξ and r the following holds,
Thus we may restrict the range of values of r to -τr/2 < r < π/2.
For ξ e T^iM n ) y let A ξ denote the symmetric endomorphism of T x iM n ) corresponding to the second fundamental form of M n at x in the direction of ξ. We first prove the following proposition. PROPOSITION Proof. Fix the point ix, rξ) e NiM n ) we want to examine the nullity of F^ at (x,rξ). We assume for the moment that r Φ 0, and by replacing ξ by -ξ if necessary, we may assume r > 0.
Let U be a local co-ordinate neighborhood of x in M n with local coordinates u\u 2 such that π(w) = /(x). We define zeS To find when η(0) = 0, we proceed as follows. We displace the vector η(0) e T' z by Euclidean parallelism and consider η(0) e T w (S 2{n+p)+ι ). Equation (3) shows that, in fact, τ?(0) e T' w since S(t) and ξ [(a(t) ) e T' aW for all t. Now, applying the isomorphism (π*) w we have Thus, using (5), (6), (7) and applying (π#) w to (3) (1) and (4) we see that this also gives necessary and sufficient conditions under which FJJK) -0. If cot r is an eigen-value of multiplicity v, then it is clear that F* vanishes on a v-dimensional subspace of T (Xyrξ) 
Since the degeneracies of F^. of type (i) in Proposition 1 depend only on r = ±π/2 and not on M n or the point xeM n , they provide no information about M n itself. Thus such degeneracies will not be included in the following definition of a focal point of (M n >x). such that πO) = p, π(w) = tf, we define where 0 < cos" 1 ( ) < π/2. One easily checks that the definition of L p (q) is independent of the choice of z 9 w.
We remark that such that π(w) = #, we have
But X'(iK2o,w)) = #O 0 >Zw)> and we obtain ί 9)
XL (x) =
In particular, to find XL p (x 0 ), we can choose w 0 eS 2(n+ί>)+1 such that π(w 0 ) = x 0 , and such that g(z 0J iw 0 ) = 0 and 0 < g(z o ,w o ) < 1. We know ί/(2o> Wo) < 1 since p ^ f(x Q ).
From (9) we then obtain,
From (10) we see that to have XL p (x 0 ) = 0, we must have either,
In case (i) x 0 is obviously a maximum of L p since L p (x 0 ) = ^r/2 which is the maximum value L p attains on P n+p (C) . A direct calculation of the Hessian of L p at x 0 would show that the Hessian is degenerate, and hence x 0 is a degenerate maximum of L p . We omit that argument here and appeal instead to the following geometric argument. The set of points
is a totally geodesic hypersurface of P n+p (C) given by the image under the projection π of S 2in+p)~1 where g2(» + p)-i = S 2(n + P ) + i Π { we C n + P + 1 \(Z Q ,W) = 0} .
This P n+p -\C) is the set of zeroes of an analytic function on P n+p (C). 
where πiw) = x.
We now find YXL p (x 0 ). We also know that where D is the Euclidean covariant derivative in c n+p+1 .
Using these facts we differentiate (9) to find YXL p (x) and then evaluate at x 0 obtaining in C n+p+ \ we know that for any w eS 2(n+p)+1 ,
We can also write
ΓO where π*(W) = F r Z, where F is the covariant derivative on M n , and
where a(X, Y) is the second fundamental form of the immersion /. Now since ^(f) 6 T^βί n ) 9 we have g(ξ' 9 W) = 0. Since £', TΓ e Γς o , we know
Thus (11), (14), and (15) yield, Q.E.D.
Propositions (1) and (2) 
In the above statement, P n (C) stands for a totally geodesic submanifold of P n+p (C), and Q n (C) is the standard complex quadric hypersurface of some totally geodesic P n+1 (C).
In P n+1 (C) has homogeneous co-ordinates Using Proposition 3 and the Index Theorem, we now prove the following proposition which is sufficient to complete the proof of Theorem 2 for the case of co-dimension p = 1. Suppose A ξ has at least one non-zero eigen-value. It is known that A* must have the form 0 when diagonalized for k t > 0, 1 < i < n. Let λ be the largest of the eigen-values. If k t = λ for 1 < i < n, then A) = λ 2 l and the proof is finished. If k t Φ λ for some i, let β > 0 be the second largest of the non-negative eigen-values. Choose r, 0 < r < π/2, such that β < cot r < λ. For p = Fix, rξ), Proposition 2 implies that L p has a non-degenerate critical point of index / at x where 0 < j < 2n. Since λ > cot r > k i9 for any &* ψ λ, Proposition 2 also implies that j equals the multiplicity of λ.
For D as in Theorem 2, Proposition 3 implies that there exists qeD and y e M n such that L q has a non-degenerate critical point of index j at y. Since j > 0, the hypothesis on the index of L q , q e D, at a nondegenerate critical point implies that j = n. Thus λ has multiplicity equal to n, and again we conclude A] = Λ 2 /.
Q.E.D. 
S(X, Y) = -29(A)X, Y) + 2(n + l)g(X, Y) = 2(71+1-λ 2 )g(X, Y) .
Since the real dimension of M n exceeds 2, a classical theorem (see [4] Section 4-Reducing the co-dimension.
To complete the proof of Theorem 2 for arbitrary co-dimensions, we will show that under the hypotheses of Theorem 2, M n is actually a hypersurface of a totally geodesic P n+1 (C) c P n+p (C). We first must introduce the concept of the first normal space of M n at xeM n .
DEFINITION. For x e M n , the first normal space, N^x), is the orthogonal complement in T^(M n ) of the set = 0}.
We define a new inner product, < , >, on N^x) by
One easily checks that < , > is a positive definite inner product on and that for ξyηeN^x),
and
For ζ e Niix), Proposition 4 implies A\ = λ 2 l for λ > 0. Then it is easy to see that T x (M n ) can be decomposed as
It is a simple matter to show that if XeT%, then JXeTj; and if X e Tj, then JX e Tf. We employ the inner product < , > in the following proposition to prove that N^x) has complex dimension no larger than 1 for all xeM n . But also we find,
A> ι+ii X = A ξl+(J A (l+(i X = A* H X + (A H A Sί + A (j A (l )X + A^X (22) = λ\ξdX + λ\ξj)X + λiξXY -Z) + λ(ξO(Y + Z)
Then (21) and (22) From (24) we can also compute for X eT + ,
Equations (24) and (25) and the fact that A ξj is symmetric imply that with respect to the basis Ω,A ξJ has the form where B is an n x n matrix.
Since ξ x and ξ s are orthogonal with respect to < , >, we know (27) trace A ξl A ξj = 0 .
However, equations (20) and (26) This is true for 2<j<k, and we have obtained a contradiction if we assume k > 1. Thus, fc < 1.
Q.E.D.
We first want to make it clear that we have no further use for the inner product < , >. Any subsequent references to metric properties such as orthogonality are made with respect to the metrics g or g.
We now begin to reduce the co-dimension. The argument is similar to that used by Cartan to show that an umbilical submanifold of R m which is not totally geodesic must be a Euclidean sphere embedded in R m (see [2] , p. 231). Let ξ 2y •• ,? 2 > be unit-length normal vector fields on U such that ξι,ξ 2 > --->ξ P >Jξι> -->Jξ P are an orthonormal basis for T^iM n ) for any ueU. 
Let I,YeΓ = Γ^(t^) such that X, Y are linearly independent, and suppose
for X x e Γ + ,Z 2 eΓ,
Using the above equations and recalling the following equations,
A ei Z= -^Z for ZeΓ" , we find after some calculation that (35) This is implies Λ is constant on Z7.
Proposition 6 enables us to prove that N^x) has constant dimension on M n as follows.
Proof. If the second fundamental form a(X, Y) = 0 for all x e M n , then N^x) has constant dimension 0; and the proof is complete.
Suppose a(X, Y) Φ 0 at x 0 e M n . Consider the set S defined by
Since λ is continuous on M n , we know S is closed. However Proposition 6 implies S is open. Since x 0 e S, we know S Φ φ; so the connectedness of M n implies S = M n . Hence λ = λ(x 0 ) on M n , and Nχ(x) has constant dimension 1 on M\ Q.E.D.
In the case where N^x) has constant dimension 0, M n is totally geodesic, and hence M n = P W (C). To complete the proof of Theorem 2, we must show that when N x (x) has constant dimension 1, we can reduce the co-dimension to 1.
Let U be any co-ordinate neighborhood of M n . As before we choose orthonormal vector fields ξ 19 , ξ p so that ξ l9 , ξ p , Jξ l9 , Jξ p span T^(M n ) for any weί/, and such that ξ l9 Jξ λ span iV x (^) for any ueU. We then prove,. Proof. For ease of notation, let A ό = A ξj , 1 < j < p. For any fixed h 2 < j < P, Codazzi's equation says the following,
is symmetric in X and Y.
Since A ό = 0, then (F^A^) = 0 and Codazzi's equation can be written as: (38) s^A.iY)
Choose X, Y linearly independent vectors in T^(x) then since A X (X) = λX and A X {Y) = λY 9 (38) becomes A similar calculation shows that (40) holds for X e Tj t (x), and hence (40) holds for all XeT x (M n ). We recall that for 1 < < p, Then F^Jξj = /(Fify) and (42) prove (ii).
Finally Proposition 8 and the fact that N^x) has constant complex dimension 1 will imply that f(M n ) c P n+1 (O after we prove the following proposition. We note that J. Erbacher, [3] , has proven a corresponding result for real submanifolds of real space forms. With minor changes, the following proposition can be proven for submanifolds of C n+P and the complex hyperbolic space form, H n+p (C). so that τr(w 0 ) = #o Let 7 Wo be the real affine subspace of c n+p+1 through w 0 given by
Let W Wo be the real affine space through w 0 of real dimension 2(n + k + 1) which is orthogonal to V Wo . Since the vector -^e^, we know that the affine space W Wo passes through the origin in c n+p+1 .
Hence the set is a great (2(
Fix us U, and let α?(ί), 0 < ί < t β , be a curve in f(U) from /(^0) to /(w). Let w(t) be the lift of x(t) to S 2(n + 2 » + l s o that W ( O ) = ^o a n d π ( w (f)) = aj(t), 0 < t < t 0 .
We know that for 0 < t < t 0 we have
We also know
F^ξj = -A ξ β(t)) + F^ξj .
For j > k, however, A ξj = 0 and (C) , and f{U ι Π C7 2 ) c p»+*-i. This implies that for « e C7Ί Π Z7 2 , the first normal space N λ (z) has dimension k -1. This contradicts the assumption that N λ (x) has constant dimension k on M n . Thus we conclude P? + * = PΓ* = P n+fc (C). Using this, one easily proves from the connectedness of
Now Propositions 7, 8, and 9 combine to imply that under the hypotheses of Theorem 2, f(M n ) c P n+1 (C), a totally geodesic (n + 1)-dimensional submanifold of P n+p (C). The proof of Theorem 2 then follows from Remark 1.
Section 5-The Special Case Q n c P n+1 (C) .
In this section we make a detailed study of the case Q n c P n+1 (C 
where again I n is an n x n identity matrix. With these remarks aside, we first prove the following elementary proposition. Hence c = 1 and so z = z and s is real, i.e. z k is real for 0 < k < n + In fact, it is easy to see that S is a small-sphere of dimension n with center iz/<J~2 and radius 1/VΊΓ contained in S n+ι .
One checks that no two points of S are identified under the projection π. Thus π is a one-toone isometry on S, and π(S) = Sj is the image of a Euclidean ^-sphere of radius 1/VsΓ isometrically embedded in P n+p (C). Q.E.D.
The following theorem describes the focal point behavior for
Qn c prc + l(C).
THEOREM 3. (i) The set of focal points of Q n c P n+1 (C) is P n+1 (R).
(ii) Let peP n+1 (R); then {qeQ n \p is a focal point of (Q n ,q)} = Si .
Proof. To prove (i), we first show that the set of focal points of Q n is contained in P n+1 (J?). Let peP n+1 (C) be a focal point of (Q n ,q) for some qeQ n . By Proposition 1, p = F(q,rξ) where ξ is a unit-length vector in T£(Q n ) and cotr = λ for some eigen-value λ of A ξ . As we remarked at the beginning of this section, λ = ±1 for any such g and f. Choosing the sign of ξ properly we may assume cotr = 1, and then
F(q, j-ή = π(-^L-+ _^-)
where π(w) = g and **(£') = f .
It is known (see [4] , Vol. II, p. 279) that there exist unique real vectors x, y of length l/VΊΓ, with g{x, y) = 0, such that w = x + iy. Then T^{Q n ) is spanned by π*(ix + y) and π*{-x + iy). Thus we can express ξ' as ξ' = cos0(iα; + #) + sin^(-x + iy) for some φ,Q <φ<2π . then by Proposition 1, π(z f ) is a focal point of (Q n , q). But TΓOO = π(&) = p, and so the proof of (i) is complete.
To prove (ii) we let p = π(z) for 2 e S n+1 . Let
